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The Poincaré Hyperbolic Disk  
& Orthogonal Circles  
Jules Henri Poincaré (1854-1912) 
A Specific Set of Orthogonal Circles 
Given a circle, 𝑂, with 
radius 𝑟, consider the set 
of all circles orthogonal to 
𝑂 with the same radius, 𝑟.  
 
Let a circle, 𝑂′, be defined 
as any circle orthogonal to 
O, with radius r.  
New Points 
Extend a ray, emanating from 
center 𝐴 through 𝐴′, creating 
three new points B, C, and D.  
Orthogonal Spirograph 
Now, consider the set of all 
𝑂′circles orthogonal to 𝑂. 
𝑂′ O 
. 
Orthogonal Spirograph 
Now, consider the set of all 
𝑂′circles orthogonal to 𝑂. 
𝑂′ O 
Three Circles 
“Inortho” circle, 𝑂𝑖 
Original Circle, 𝑂 
“Exortho” circle, 𝑂𝑥 
𝑂 
Three Circles 
𝑂𝑖  𝑂𝑥  
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2𝑟 + 𝑟 
 
 
 
𝜋𝑟2(3 + 2 2) 
Small Doughnut, 𝐷𝑠 Big Doughnut, 𝐷𝑏 Th n 𝑡
Three Doughnuts 
𝐷𝑠 
Three Doughnuts 
𝐷𝑏  𝐷𝑡  
Area: 𝜋𝑟2(2 2 − 2) 𝜋𝑟2(4 2) 𝜋𝑟2(2 2 + 2) 
Consistency  
Comparing Radii of Circles: 
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Comparing Area of Circles: 
 
𝑂
𝑂𝑥
=
𝑂𝑖
𝑂
= tan2
𝜋
8
 
 
𝑂𝑖
𝑂𝑥
= tan4
𝜋
8
 
Comparing Area of Doughnuts: 
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Visualizing 
Trigonometric 
Identities 1  
Visualizing 
Trigonometric 
Identities 2  
Visualizing 
Trigonometric 
Identities 3 
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